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Spectroscopy of Heavy Mesons Expanded in 1/mg

by
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Operating just once with the naive Foldy-Wouthuysen-Tani transformation on the

Schrddinger equation for Qg bound states described by the Hamiltonian which

includes Coulomb-like as well as confining scalar potentials, we have calculated the

heavy meson spectrum of D, D*, B, and B*. Based on the formulation recently

proposed, their masses and wave functions are expanded in 1/mg, with a heavy quark

mass mo, up to the first order. The lowest order equation is examined carefully to

obtain a complete set of eigenfunctions for the Schrodinger equation.

Introduction

Hadrons are composed of quarks and anti-quarks
and are considered to be governed by Quantum
Chromodynamics, at least in principle. Since QCD
describes a strong coupling interaction, the perturba-
tive calculation of physical properties of hadrons is
not so reliable other than the deep inelastic region
due to asymptotic freedom and hence other methods
like lattice gauge theory have been developed to take
into account nonperturbative effects. However, the
situation changed dramatically when it was discov-
ered that heavy mesons, composed of heavy quark Q
and light anti-quark g, can be systematically expand-
ed in 1/mg with a heavy quark mass, mo.

This theory, HQET (Heavy Quark Effective
Theory)," is applied to many aspects of high energy
theories and many kinds of physical quantities of
QCD which can be perturbatively calculated in
l/mg. Especially those regarding B meson physics,
e.g., the lowest order form factor ( which is now
called Isgur-Wise function ) of semileptonic weak
deacy processes B — D{v and the Kobayashi-
Maskawa matrix element Vcb, have been calculated
by many people.” However, applications of HQET
to higher order perturbative calculations are limited
only to obtain forms of higher order operators, and
their coefficients should be obtained so that results
be fitted with experimental data.? This is because

most of the calculations based on HQET do not
introduce heavy meson wave functions and hence
there is no way to determine those coefficients with-
in the model.

In the former paper ¥, using the Foldy-
Wouthuysen-Tani transformation » we have
developed a formulation so that the Schrédinger
equation for a Qg bound state can be expanded in
terms of 1/myg, that is, the resulting eigenvalues as
well as wave functions are obtained order by order
in 1/mg. In this paper, as one of the applications of
our formulation, we will calculate the heavy meson
spectrum of D, D*, B, and B*. In order to do so, we
would like to start by introducing phenomenological
dynamics, i.e., assuming Coulomb-like vector and
confining scalar potentials to Qg bound states (heavy
mesons), expand the Hamiltonian in 1/mg and then
perturbatively solve the Schrodinger equation in
1/mg. The angular part of the lowest order wave
function is exactly solved. After extracting the
asymptotic forms of the lowest order wave function
at both r — 0 and r — oo and adopting the varia-
tional method, we numerically obtain the radial part
of the trial wave function which is expanded in poly-
nomials of the radial variable r. Then fitting the
smallest eigenvalues of a Hamiltonian with masses
of D and D* mesons, a strong coupling a5 and other
parameters included in the scalar and vector poten-
tials are determined uniquely. Using parameters
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obtained this way, other mass levels are calculated
and fitted with experimental data for D/B mesons at
the second order of perturbation. Meson wave func-
tions obtained thereby and expanded in 1/mg may be
used to calculate ordinary form factors as well as
Isgur-Wise functions for semileptonic weak decay
processes.

All the above calculations are calculated up to
1/m% and analyzed order by order in 1/mg to deter-
mine parameters as well as to compare with results
of Heavy Quark Effective Theory. The final goal of
this paper is to obtain higher orders of Isgur-Wise
functions, decay constants of heavy mesons, and the
Kobayashi-Maskawa matrix element, Vcb, by using
wave functions of heavy mesons obtained after cal-
culating heavy meson spectrum.

Below we will first give the formulation of this
study and next will give a qualitative discussion on
the results obtained.

II. HAMILTONIAN

The hamiltonian density for our problem is given by

Ho = [dz® ['(z) (Gq- Py + Bamq) ¢°(2)
+Q!(z) (Gq - g + Bamq) Q=) |, )]

Hie = [ [ ddz” F(2) Oi ¢ (@) Vi(z — =) Q=) 0:Q(=),  (2)

where we consider only a scalar confining potential,
Os=1, Vs=S (r), and a vector potential, Ov=y,,
Vv=V(r), with a relative radial variable r, which we
think the best choice to phenomenologically
describe the meson mass levels. The state of Qg is
defined by

W) = [ @2 [ £y Vos(z - 1) 42 '@) Q4) 00, 3)
where g¢(x) is a charge conjugate field of a light
quark g and the conjugate state of Qg by <W¥|=|¥)"
with<0|=10>" From these definitions, we obtain

the Schrodinger equation as

Hy = (mg + E)Y, e

where the bound state mass, E, is split into two
parts, mg and E (E=mg+E), so that it expresses the
fact that the heavy quark mass is dominant in the
bound state, Qg, and v is nothing but the wave func-
tion which appears in the rhs of Eq. (3).

Operating with the FWT transformation and a
charge conjugation operator only on a heavy quark
sector in this equation at the center of the mass sys-
tem of a bound state, one can modify the
Schrodinger equation as,

(Hrwr —mq) ®vYrwr = E Yrwr, 5)

where a notation ® is introduced to denote that
gamma matrices of a light anti-quark is multiplied
from left while those of a heavy quark from right
and

Hewr = U Urwr (P'q) HUglyr(pa) U,
Yrwr = U Urwr (PQ) ¥, 6)

Urwr (p) = exp (W () Ta - 5) = cos W + 7q -fsinW,  (7)

Pt wmwe) = Ep, (8)

Ue = 0% )

As described first in this section, interaction terms
are given by a confining scalar potential and a
Coulomb vector potential with transverse interac-
tion ®, 7 and a total Hamiltonian is given by

H= (8 5y + figmq) + (G o + fama) + Aufa S
+{1- 316, Go-+ (G- M) (Ga- MV, (10

where scalar and vector potentials are given by
r 4a, L, F
S(r)=a—2+b, V(r)=~§7' and A= 1y

The transformed Hamiltonian is expanded in 1/mg
and is given by

Hewr—mg=H_y+ Ho+ Hy+ Hy+ -+, (12)
where

H_y = —(1+ fq) mq, (13)
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Ho =&+ Bymg ~ Byfe S
+ {14 3180-Go + (G- (Ga- 1)1}V, (14)

1 2 1 L /L 1 1.
= quﬁqp +mqﬂc'(P+§q)S+;n—Q7q-qV

-2—;—0 [, + (& - 7)) - [gq (ﬁ+ %q‘) +l-q-xﬂqﬁQ] v, (15)

1 13?2 i <
= St =) S— —Gxp- s
Hy ) BaBa (p+2q) s 4méqxp Babq Tq
1, <
e GW X F- SV~
Sm%q 4m5qu eV

@+ (o2 + 5 B+ D) +iTx AR Vi

i

g 50+ @07 (16)

Here Hi stands for the i-th order expanded
Hamiltonian terms and since a bound state is at rest,

P=Pe=-Pa, P'=ph'=-b's §=9"~7 (17)

are defined, where primed quantities are final
momenta. Details of the derivation of equations in
this section are given in the paper ®.

III. PERTURBATION

Using the Hamiltonian obtained in the last section,
we give in this section the Schrédinger equation
order by order in 1/mg. Details of the derivation in
this section will be given in a future paper®. First we
introduce projection operators:

n=12fe (18)

which correspond to positive-/negative-energy pro-
jection operators for a heavy quark sector at the rest
frame of a bound state. These are given by (1xyr) /2
in the moving frame of a bound state with v~ the
four-velocity of a'bound state. Then we expand the
mass and wave function of a bound state in 1/myg as

E=E\+E+E+..., (19)
Yrwr=vo+vi+ ¥+ ..., (20)

where ¢ stands for a set of quantum numbers that
distinguish independent eigenfunctions of the lowest
order Schrodinger equation, and a subscript i of E!
and ¥/ for the order of 1/my.

A. Leading order

The leading order Schrédinger equation in 1/mg
gives

Y= A_®Y, 21
whose explicit form is given by
Y= =(0 ¥.(M), (22)

with

u(r)

ko1
¥l '(--v.(r)(a-ﬁ)

) Yim(6), (23)
where j is a total angular momentum of a meson, m
is its z component, k is a quantum number which
takes only values, k=% j, + (j+1) and +0, and w(r)
and vy(r) are polynomials of a radial variable r.
yJﬁ"(Q) are functions of angles and spinors of a total
angular momentum, j=/+5,+5,. The operator for
the quantum number £ is given by - ,S’q( iq';+ 1)
when it operates on (0 ¥,(r)).

Note that since charge conjugation is operated on
the heavy quark sector the A _ projection operator
appears in Eq. (21), i.e., positive components of Q
correpond to negative components of U°Q.

B. 0-th order
The 0-th order equations are given by

(Gg- 5+ By (mq + 5) + V] @ = B4k, 4)

—2mqA, @ + JA_ (& - Gq + (& - M) (G- M|V @YF = 0. (25)

Eq.(24) gives the lowest non-trivial Schrodinger
equation with a solution given by Eq.(22) and # is
defined in Eq.(11). A, components of wave func-
tions can be expanded in terms of the

eigenfunctions,

Vi = (¥5a() 0). (26)
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Expanding A @Y in terms of this set of eigen-
functions, one can obtain the solution as

A @yl = gjc:‘.’w;. 27

with the coefficients,

Af = g (¥illdo- G+ (@ M (G- MIV]¥).  (28)
Here the inner product is defined to be
(ve|ofes) = ]n"rtr (w:'(0owr)), (29)

and the O-th order wave functions are normalized to
be 1,

(W5 |WE) = 6e8°F for a,f=+or —. (30)
C. 1st order

The 1st order equation is given by

—2mqh, ® Y5+ Ho® i + Hi @i = Eqyl + Efyg.  (31)
Multiplying projection operators A+ from right with
the above equation, and expanding ¥ in terms of
V¥iand ¥;as

¥ = x (hfwe +cfvz), (32)

one obtains

B = X A wi|Aton- o) + (i |A-tnnvi),  (33)

which gives the first order perturbation correction to
the mass when one calculates matrix elements of the
rhs among eigenfunctions and

ot = Ei_‘% [z(j AL (WAL HoA |¥7)
+ (W:IA-H:A‘ ]w;)] , fork#¢ 34

dy=0 (35)

This completes the solution for ¥{ since A_¥{, or
C/¢ is obtained in the last subsection. Here we have
used the normaliztion for the total wave function, ¥,
as

(¥]¥) = tee- (36)

This definition is allowed because here we are not
calculating the absolute value of the form factors.
The appropriate normalization will be determined in
future papers in which we will give several kinds of
form factors. This way of solving (31) is unique.
Although we will not use in this paper, one can
obtain A, QY as

Ar@YE= Z’:éfﬂ*;, 37

with the coefficients,

4 = g (Ve (o - B) Acoui+ i 04)).  (38)

IV.NUMERICAL ANALYSIS

In this section, we give a numerical analysis of the
calculations obtained by applying our formulation,
i.e., perturbatively expanding the Hamiltonian given
by Eq. (10) in 1/mg and computing all the matrix
elements among eigenfunctions, ¥¢ in terms of this
set of eigen. In order to solve Eq. (24), we have to
numerically obtain a radial part of the wave func-
tion, ¥; = (0 ¥ ), given by

ug(r)

ko1
Vjm(F) '(—iv.(r)(&‘-ﬁ)

) Yim(®),
some properties of which are descibed in the paper®.
As described in the same paper, the Schrodinger

equation is reduced into,
my+S+V -3 +4 ug (r) 5o w (r)
( g+ -mq—S+V) (v,,(r))_ k(v*(r))’
which is solved numerically by taking into account

the asymptotic behaviors at both » — 0 and r — o
and their forms are given by
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W), ) ~ ) oo (=m0 =3 (5)). - (39)
where

) w0

and w; (r) is a finite series of a polynomial of r
N :
w(r) =3 alr, 41)
=0

which takes different coefficients, af, for u; (r) and
vi (). In our case, since the potential includes a
scalar term we cannot annalytically solve the above
reduced Schrddinger equation, Eq. (5).

To determine the parameters, «s, a, and b, appear-
ing the potentials given by Eq. (11), we have

calculated the chi square defined by

i = Moo | (Mo ~ Ep)* 42)
o3 o3,

where M), »* and E)p, p* are the observed and calcu-
lated masses of D and D¥*, respectively and o5, p*
are the experimental errors for each meson mass.
Masses, M), p* , are averaged over charges since we
have not taken into account the electromagnetic
interaction. We have adopted the values for these
parameters which give the most minimum value of
x°, which is listed in Table II. Then using the
observed values of Mp;, p,* the s quark mass, m,, is
determinedand finally using the observed value of
Mj;, the b quark mass, m,, is determined, which are
given also in the Table II togother with the observed
input mass vlues listed in the Table I.

TABLE L Input values to determine parameters

mg = mu = md (GeV) Mp (GeV)

Mp (GeV)

Mps (GeV) Mps (GeV) Mg (GeV)

0.01 1.867

2.008

1.969 2.110 5.279

TABLE II. Most optimal values of parameters determined by the least chi square method.

parameters as a(GeV') b (GeV) m.(GeV) m; (GeV) m,, (GeV) %2
) 0.4182 . 2.3661 0.07526 1.445  0.136(7.69X10°%) 4.834 7.1 X107
) 0.3274 2.1284 -0.08689 1.375  0.172(1.75X10%) 4.795 2.4X1073

We have obtained two choice of parameters for the
least chi square between which we have chosen the
one with the parameter b positive since this set of
parameters give the good value for m. used in the
references. The masses calculated and listed in this
paper below are all based on the choice (1) in the
Tablell.

Two states, pseudoscalar (D(07)) and vector (D(1~
)), are degenerate at the lowest order in 1/mg since

the eigenvalue E} for these states depends on the
same quantum number k=-1, which are split via the
heavy quark spin interaction terms, like -V'( aq'S0
Xn)in AH) Nand all terms in AH1 A, Similar res-
olution of the degeneracy among the states with the
same value of k occurs via the same interaction
terms. These calculated masses together with others
(Ds, D%, B, B, Bs, B, etc. ) are listed in the Tables
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TABLE III. D meson mass spectrum

state (J) k j zeroth (mo + mg) first / (mo + mg) M calc M obs
150 (07) -1 0 1.900 2773 (X102 1.867 1.867
WAy -1 1 5.69 2,008 2.008
3Po (0) 1 0 2.217 -2.02 2,172 -
3P(1Y) 1 1 9.56 2.428 2.428(?)
1P (1%) -2 1 2.227 6.49 2.371 -
3pa (2% -2 2 8.38 2413 2.457
3Di(1) 2 1 2.480 7.40 2.664 -
3D (27) 2 2 8.85 2.700 -
TABLE IV. D; meson mass spectrum
state (J) k j zeroth (mp + mg) first / (mg + mg) M calc M obs
150 (0) -1 0 1.977 -0.371 (X107 1.970 1.969
381 (10) -1 1 6.51 2.106 2.110(7)
3Po (0 1 0 2.293 -1.04 2.269 -
P 1 1 11.3 2.552 2.535
P (1%) -2 1 2.312 6.93 2.473 -
3p2 (2% -2 2 8.87 2.517 -
3D (10) 2 1 2.562 7.90 2.764 -
3D (2) 2 2 9.39 2.803 -
TABLE V. B meson mass spectrum
state (JF) k j zeroth (mg + mg) first / (mo + mg) M caic M obs
180 (07) -1 0 . 5.289 -0.186 (X102 5.279 5.279
381 (17) -1 1 0.611 5.321 5.325
3Po (0) 1 0 5.606 -0.238 5.592 -
3PL(1Y 1 1 1.12 5.669 -
1PL(1Y) -2 1 5.616 0.769 5.659 -
3Py (24 -2 2 0.993 5.672 -
3D1(17) 2 1 5.869 0.935 5.924 -
3D (2°) 2 2 112 5.935 -
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TABLE VI. B; meson mass spectrum

state (J) k j zeroth (mg + mg) first / (mo + mg) M cale M obs
150 (07) -1 0 5.366 -0.0409 (X102 5.364 5.375

381 (17) -1 1 0.717 5.405 -

3Po (0% 1 0 5.682 -0.125 5.675 -
P 1 1 1.36 5.759 -

P (1Y) -2 1 5.702 0.840 5.749 -
3P (2%) -2 2 1.07 5.763 -
3D (1) 2 1 5.951 1.02 6.012 -
3D (27) 2 1.21 6.023 -

V. COMMENTS AND DISCUSSIONS |P) = lD*) , or |D°), |V, A) = |D*). 44)

In this paper, we have calculated heavy meson mass-
es of D, Ds, B, and Bs based on the formulation
proposed before,” which develops the perturbation
of a potential theory in terms of inverse power of a
heavy quark mass. The first order calculation gives a
good agreement with the experimental data although
the seond one does not.

We have also found a new symmetry already men-
tioned in the paper * and realized by the operator,

B, (B T+1),

which is always present when one considers a cen-
trally symmetric potential model for two particles or
when one takes a rest frame limit of a general rela-
tivistic form of the wave function and is related to a
light quark spin structure, i.e., y,(Q). That is, this is
quite a general symmetry, not a special feature pecu-
liar to the potential model.

One can easily see degeneracy among the lowest
lying pseudoscalar and vector states as follows.
Define

IPy=US'(0 ¥53), IV, N =U'(0 ¥7}), 43)
where W}, is an eigenfunction obtained in the last
chapter, The explicit forms of these wave functions
are given in the paper® and the quantum number k
can take only %/, or £(j+1). Assigning these states to
D mesons, one can have

Since these states have the same quantum number
k=-1, these have the same masses as well as the
same wave functions up to the zeroth order calcula-
tion in 1/mg. That is, the degeneracy among these
states is simply the result of properties of the eigen-
value equation. Higher order corrections can be
solved by developing perturbation of energy and
wave function for each state in terms of mg/mgp as
given by Egs.(19, 20)

E=E-mq=E{+El+E+...,

Yewr =Yg+ Yi+¥E+..,

Next we would like to discuss qualitative features
of form factors/ Isgure-Wise functions. Let us think
about to calculate form factors for semileptonic
decay of B meson into D. Taking a simple form for
the lowest lying wave function both for B and D as

WIS A et 7’/2'
where a parameter B is determined by a variational
principle, & (W"* HW¥'S) = 0. Then form factors are
given by
F(q%) ~ exp [const. E? (¢* - q?w‘)] ,or §(w)~exp [const. E? (w— l)] ,

where

@ =(Ps—po)’, w=vs-Up, Ghe =(Mmp—mp)’ > Wmu=1,
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with VgD being four-velocity of B and/or D meson.
This means behavior of form factors strongly
depends on an eigenvalue, E =E-myg of the eigen-
value equation, which is often called "inertia"
parameter Agq. This quantity E does not depend on
any heavy quark properties at the zeroth order. This
result also means that the slope at the origin of the
Isgur-Wise function includes the term proportional
to £ The constant term (-1/4 like the Bjorken limit®)
for this slope should be given by a kinematical fac-
tor multiplied with the above expression.
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BRSO 1B LAERTFOR~RY b (FEX)

MR FE®, BL MR OHLE ER
(PR 84 9 A30H )

J—H AF—Va Vv EDCEESur5I Vv I/HDSA T3 Y RMRLLOTH S, TORHE
LT BRSO IBELAERNFOXRZ bv] 25ELE. WbW3 7+ V7 1 —EfE 2ADK
SRTFORBESICEAL, Yal—F+« v F—FEXLERSO 1 BEL TRV TORICEY
REF Ve VEREL, FNoREENZ°52 9 —2REL, thoHEONFOHERBEELTFSELL
EXHOHESER»SRONELIREFNVELTHWERT vy » Vid & EREZEFHL TV 3.
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